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The present paper is divided into two sections. The object of Section I. is to obtain 
an expression for an integral more general than, but intimately connected with, that 
occurring in Abel's theorem. The latter, as enunciated by Professor RowE in his 
memoir in the Phil. Trans., 1881, is as follows: — If 

be a rational algebraical equation between x and y, then an expression can always be 

found for 

.r» TJdx 



/(-) I 



where f{x) is a function oix only, U a rational algebraical integral function of x and y, 
and the upper limits of the series of integrals are the roots of the eliminant with 
regard to y of x(^> y)=:0 and a function d{x, y). 

In the case here considered two equations respectively of the degrees m and n 
between three variables 

Fn{x, y,z)=.o 

are given (these alone being considered, as subsequent generalisation to the case of r 
equations between r dependent variables and one independent variable is obvious); 

and an expression is obtained for 

.r* TJdx 

t 



f(x)J' '"' ' 



im -^ n 



the upper limits of the integrals being given by the roots of the equation arrived at 
by eliminating y and z between F^, F^ and an arbitrary equation 

'¥p{x, y, 0)=O 

or, what is the same thing, by the co-ordinates x of the points of intersection of the 
three surfaces represented by F^, F^, F^. 

2 T 2 
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Some preliminary considerations (in connexion with §§ 92 sqq. of Salmon^s ' Higher 
Algebra') are adduced in reference to the eliminants of the three equations in each of 
the variables ; thus if X be the equation in x obtained by eliminating y and z, it is 
expressed in the form 

which afterwards proves useful. Then the ordinary case (above referred to) of Abel's 
theorem is treated on the lines laid down in Clebsch and Gordan's ' Treatise on the 
Abelian Functions;' and under the guidance of this the more general form is investi- 
2:ated with the result 



TT/7r 



/(^)jF^^^'"^" 



ylogF^V+C 



./(^)J 

© being the symbol introduced by Boole. 

The remainder of this section is occupied with the discussion of two examples of this 
theorem. In the first, expressions are obtained for E(z/i+%+%) ^^^d 11(^^3^+%+%)? 
E and n being the second and third elliptic integrals ; and in the second example 
E(tij+'^^s+ • • • +1^7) is considered. 

In Section II. the addition-theorem for the functions presented in Weierstrass's 
memoir (' Crelle/ t. hi., (1856), p. 285) is investigated. [It may be pointed out that 
the fundamental equations occur as natural examples of the more general form of 
Abel's theorem proved in Section L; but the equations which are obtained almost 
immediately are identical with those used by Weiersteass, and so this case does not 
belong distinctively to the form of Abel's theorem for the curve of double curvature.] 
For the purpose of the section use is made of the ''' integral-function/' the partial 
differential coefficients of which with respect to the amplitudes give the squares of the 
Abelian functions. The theory is worked out at some length, and the necessary 
formulae are deduced from the fundamental equations in a manner somewhat different 
from that of Weterstrass. From the form first obtained for the sum of three 
integral-functions an important theorem is deduced in § 21, and a verification of this 
is afterwards furnished by the expansion of the two sides of the equation. It is then 
applied, as already mentioned, to obtain the addition-theorem for the functions. 

In §§ 25, 26 is given the discussion of a particular case of the above, viz., when the 
functions are of the order 2, the fifteen functions being the quotients of all but one of 
the double theta-functions by that one. This has already formed the subject of a 
paper by Cayley in ' Crelle,' t. Ixxxviii. (1878), p. 74. 

Sectiok I. 

1. Before proceeding to the consideration of the theorem it is necessary to indicate 
the form in which the eliminant of three equations in three variables (or in general 
of /x equations in \l variables) will be used. 
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If we consider two equations in two variables say 



and if X be the eliminant of f^ and <^^ with regard to y, then we have 

X=A/~f-B(^. 

Now X being of degree mn in x, A must be of degree m%—n and B of mn—m ; 
while it is sufficient that the highest power of y in A be the (m— 1)*^ and in B the 
(n — 1)*K Write then 

A=Ao+Ai2/+A^^^+ . . . +A^.^ir"^ 

B = Bo+B,2/+B2^'+ • • • +B.-ir-'. 

Substitute in X ; since X is expHcitlj free from y all the coefficients of powers of y 
in the result must be zero. This then gives 



A/y* , t... .. ,, A 'V 



j-B X -4-B X 

-j- OQAg-f- BiX^-f- BgX] -f- BgXQ 



= 

= 
= 



m-\-n—\ equations to determine the ratios of the m-\-n quantities A, B. Let 



E= 



F 



1 y / 



tA'T *^n * 



^1^ /Y» /V 

Xj ^j dj(^ 



y 







m— 1 
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J\.n -ZVi -XXn . 
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. . . 




Xi 


Xo 
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tX/n • • • 

* c • 




x^ 

> 


Xi 

• • 


Ag . . . 

• • • 



y 



n-l 



Then A^ bears to the minor of y^ in E the same ratio as B^ bea.rs to the minor of 
2/^ in F : thus 



A_B 



But the diagonal term in E is 



»2— 1"V n 
m 



%'" ^X 
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and E is therefore of the degree ^^(m— 1), i,e-^ of the same degree in X as A; it is 

obviously of the same degree in y ; hence — is merely an arithmetical constant, and 

we may write 

A=E, B=F. 

2, When we come to apply this method to the formation of the eliminant with 
regard to y and z of three equations F^, Fg, Fg in three variables x, y, z the result, 
though of similar form, viz. : 

can in general be obtained neither so directly nor without the help of the considera- 
tions in Salmon's ^ Higher Algebra/ |§ 92, sqq. If the three equations be each of the 
degree 2, the method will apply exactly as in the preceding paragraph and we obtain 

where 

but if the equations be not of this degree, then the following is our rule. Let 
F^, Fg, F3 be of the degrees m, % p respectively : then we form all possible equations, 
which the variables satisfy, of degree not higher than m+n+p— 2 : thus we multiply 
Fi by 

yn+p-Z^ yn+p-2,^ _ ^ ^ qf+p-\ f^-^p-% . . . , ^#+|^-%3^ yn+p-Zr^%^ , ^ ^ 

and so on ; and so we obtain 

equations from which to eliminate 

■|(m+ n +p — 1 ) (m + n -{-p) 

quantities. But these equations are not all independent, being connected by a 
number of identities of the form 

^ i.F,=^yF,.Fi 

(where r+5=jp— 2), of which there are ^|>(p— 1); there are \n{n—\) of the form 

si^y'F^.Fg =:;^^y'F3,Fi where r'+Z^n— 2 
and -|m(m— 1) 

^V'Fs.Fgrr/y'Fg.Fg where /'+/'<m-2, 

and thus we have the projDer number of equations. To find the eliminant X we write 
down the coefficients (which are, of course, functions of x) in the -|(^i+|}— l)(?^+p)+ . . . 
equations ; and reduce them to the form of a determinant by adding the coefficients in 
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the 4p(p— -1)+ • ' • equations; then the eliminant is the quotient of the determinant 
formed by any 

rows of the set first written down by the determinant formed from the second set 
after the ehsion of these rows. 

3. To show how this can be brought into the desired form the easiest plan will be 
to consider an example. Let 






// 



where the coefficient of the highest powers of z and y are constants and those of 
other powers are functions of x such as make the order of the highest expression in 
the term of the same order as the equation ; thus, for instance 



and so on. Then we have, since m=l, n=2, j9=3 



y^ 1^0 yz^ yz^ z^ y^ yz yz^ z^ y^ yz z^ 



y 
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E. 
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y¥,,¥, z¥,^, ¥,.¥, ¥,.¥, 



A' 
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E' 

g: 



B 
C 



¥' 
B' 

Et 
C 



XX 

B 




A^ 

B' 

E' 
D' 
0' 



B 

G 



A'' 
D" 
E" 
B" 

E" 

Gff 

J" 

TT*f 

K" 
C" 



B 





To find the eliminant we choose any 15 rows (leaving out say the y^Fi, yzF^, z¥, 
2/F3) and form a determinant, and then divide by 
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u. 



E' A' W 

J)' E^ F^ G^' 

C B 

A 

(As the object is to illustrate the general case and not merely to get the result in 
this particular case we have not selected those rows which leave the denominator in 
the simplest form.) In the determinant of 15^ constituents multiply each column by 
the quantity which stands at the head of it, add the results horizontally along all the 
rows, and replace the constituents of the last column by these new constituents which 
are, in order, 

yW„ fz¥„ yz'¥„ z^¥„ z'^F,, yF,, z¥„ F„ yW„ yz¥„ z^¥„ yY„ F„ zY„ ¥,, 
so that if we expand we have the numerator of our eliminant in the form 

where the A's are determinants differing from the initial determinants in the last 
column alone ; A/^j has for its constituents there the coefficients of F^ so long as F^ 
occurs in the later form and then zeros ; A'^^^ those of F^ where it occnrs and else- 
where zeros; A'^^^^g those of Fg where it occurs and elsewhere zeros. Moreover, we 
know that our eliminant is an intcOTal function of x not extending^ in an infinite 
series; hence each of the coefficients A' must be divisible by il If not, one of the 
F's (say F^^) must be so divisible ; since i^ is a function of x only it follows that, when 
u=:0, F^=0 whatever z and y may be. We shall assume that such factors are removed 
before the investigation begins as they are nseless for the purposes for which the 
functions are required ; and hence we obtain our eliminant in the form 

Similar remarks of course apply to Y and Z, the eliminants with regard to z and .x, 
y and x, 

4. We may also obtain the result as follows : 

Between F^=0, F^==0 eliminate z and denote the eliminant by X^ ; then, as we have 
already seen, X^ can be expressed in the form 

■^y — ^m^ mi" '^n^ p' 



Between F^=0, Fp=0 eliminate z and denote this eliminant by X'^; then 

J\- y f^M^ fi^-f- fJjpL p» 

Now X^, X.\ are both functions of x and y; eliminating y between them and 
denoting the eliminant by X we have 
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': ■'■''■ /\ H ■.ml. f\ H ■■ I ... /\ H 

of the same form as before. 

This method of expressing an elimlnant obviously admits of generalisation to the 
case of r equations in r variables. 

5. The preceding method enables us to obtain the eliminants of the equations with 
regard to the different variables in a particular form which is useful in the proof of the 
general theorem in § 7 ; but when the object is merely to obtain the equation giving 
the roots ar^ which are to fcjrm the upper limits of our integrals we should arrive at 
the result more easily as follows. 

Obviously 

ft = TOM. 

where y^, z^ constitute one of the mn pairs of roots of the equations 

J- n, — — %/ X '11 — — KJ 



m — ^ •*- # " 



regarded as giving y^ % in terms of ^ ; and the product is taken over all these pairs. 
Now the coefficients on the right-hand side will be symmetric functions of y and z^ and 
these can be evaluated (by the method given in Salmon's ' Higher Algebra/ § 74) in 
terms of x ; and there will be obtained the required equation in x. 



Abel% Theorem. 

be an equation of the degree n which gives y in terms of x ; and let 

e{x, y) 

denote a function of x of degme Wi — i*educible to degree )^— 1 at most in y by means 
of (i) — the coefficients of y in which are functions of x and contain any number of 
arbitrary constants. Treating yr=: 0, 6=. as two equations to determine the values of 
the variables, these arbitrary constants will enter into the expressions for the values 
of X, and will thei*efore vary when the latter vary. Let such a variation take place> 
so that 

hd hd 

■r- dx'\'T- dy-^W^:zQ „ . . .. . , . . . (li^ 

S operating only on the constants in 9. Moreover we have from (i) 

MDCCCLXXXIII. 2 u 
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or writing 



the equation (ii) becomes 



or 






J dx dif 

he _^X 

hy hx 



\ox by ox by/ 



, 80 



Kx> 0) 



and therefore 



t\Jdiv=t':^, — ;rS^. ......... (iii) 



where U is any rational function of x and y^ and the summation is taken over all the 
roots x^ of the equation obtained by the elimination of y between x and d. 

Let X, Y respectiyely denote the eliminatits of X. ^ with regard to y,x; then we 
can express X^ Y in the form 

Y=:Cx+D6'J 

and we write 

A=AD-BC. 

Now whatever the function U may be it can be written in the form 



T 



for it must be expressible as 



that is, 



/(a^)' 






jU. — w 

f^x, y^ liAix, y^j 

^i^2 

fx, — n 

n/3(^, y^) 



which by means of the equation x=0 is at once reduced to the above form; thus 

hy 
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Each of the equations X==0, Y=0 has mn roots ; if x=:x^, y=^y^' be a pair which 
make x ^^^ ^ both vanish, these maj be called congruous ; but if ir=ir^, y=^y^' do 
not make j(^ and 6 both vanish then for these 

A = 0, 

while for congruous values A does not vanish. 

Moreover^ for congruous values of x and y we at oncp have 

the congruous values being substituted for the variables, so that 

^1 _ A \ 
dm dy 

Now in (v) the summation is for all the x'h and for one of the y'^, say ^/i,^? which 
may be regarded in the following way. When the equation 

Xix, y) = 

is solved for y in terms of x, there will be n roots ; take one of these and denote it 
by ^1, which is therefore a function of x. Substitute in turn x^, ccg, . . . , x^n ; then we 
obtain for yi a series of values, but all derived from the single root of x- Thus 



dx dy 

since we have x=x^^ ^=2/i,/i^(i^=l? 2, . . . , mn) as the mn congruous roots. Moreover 

for roots other than these 

A==0 

so that we may add on a number of vanishing terms to the right-hand side, and the 
removal of the restriction now gives 

T A 

t*' __ . — 

(where ja'=:l,)a or 2,//, or . . . or n,/x). 
Moreover from (iv) 

Ax=DX— BY 

and therefore 

i6 U lij 
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the term corresponding to a differential of X disappearing and the others vanishing iti 
virtue of the values assigned to the two variables ; thus our expression becomes 



T P 






1 . . V . 

But the coefficient of - in the expansion of — in descending powers of x is 



X 



X 



Cit 



V, 



ff 






and therefore the foregoing 



= 2 — - 
dX 

LvJU, 



^-Cit^W ^^' 



^ 



X-^OL 



X 






the % referring to the n values of y obtained from the equation (i), and the expansion 
being in the factors of X alone. But since we are substituting for y from (i) we have 
y^ always zero in this, a,nd therefore 



X=B,,^. 



Takinsf now into account the expansion for the factor ' we have finally 



t- 



T 



W 



x—a J(x, &) 



hy 



T M 



hy 



X=-Ct. 



the summation in each of the terms on the right-hand side being for the n values of y. 
Now on the introduction of Boolf/s symbol © {cf. Phil. Trans., 1857, p. 751), the 
right-hand side is merely the definition of 



e 



X — OL 



1. ^^ 

hy 



Let ir=a be a root of /(x)==:0, and in (v) expand [/(^)]'"^ in a series of partial 

fractions corresponding to the roots ; then expressions of the form • y7~~^ ^^^ 

obtained. Moreover, from the nature of the preceding fractions and the definition 
of the symbol % in connexion with them, it is obviously a distributive symbol ; thus 
we have 



ABEL'S THEOREM ANI3 ABELIAN FUNCTIONS, 



333 



2-— T7~ = S 



89 



"/{«>) ^x "/(*•) J(x. ^) 



hy 



= (H) 



1 



L/('^)J 



^ T he 

'bx e 



wliere the summation on the left-hand side is over the roots of the equation 

X = 

while on the right-hand side it is over the n roots y of the equation xi^^^ 2/) = ^- The 
variables on the right-hand side being the arbitrary constants in 6 which occur only in 

the factor -^. we may integrate, and we have as the result 



t 



rv T dx 






= 



1 



_/(«^) J y= 






■-Vx 



V. 



hy 



J 



agreeing with the fonn given in Professor Rowis's memoir (Phil. Trans. 1881, p. 721). 
7. In the generalisation of the theorem we shall consider only two dependent 
variables y, z and one independent variable x ; it will be seen that the work would 
apply, mutatis mutandis, to ^—1 dependent variables and oiae independent. Let the 
variables y and z be given as functions of x by the equations 

F,,, {x, y, z) = 

Pu (^, y, ^)=o 

of the degrees m and 'U respectively. Let 

be a function of x, y and z the coefficients of y and z in which are functions of x with 
any number of arbitrary constants ; so that as in the simple case when z, x and y 
vary the constants also vary. Using the same notation as before we have 



Therefore 



, dx4--~dv4'~r d% 

hx hy ^ bz 

~ — dx + -T— dy-f- -— dz 

h^ hy ^ hz 



0, 



= 0. 



8,2 



d. 



X 



dy 



h(x, y) h{y, z) h{z, x) 



d 



ID 



and 
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so that 



and therefore 



br. 



Jdz + 'r^dx + V ^dy + SFj,, = 



dwj ^^^)+m,=o 



^ 



rr 

^ J- Cv 6" ^ 7~J7* T7 T?~\ O r jy 



(ii 



Let Z, X and Y be the eHminants of F,;^, F^^ and F^ respectively with regard to x and^, 
y and z, z and x ; than as explained in § 3 we may write 

Y=B F 4-B F 4-BF 

z— n F 4-n F -4~n f 

Each of the equations z=Q, x=0, y=0, has mnp solutions; let those values 
{mnp in all) which make F^,, F^ and F^ vanish simultaneously be called congruous. 
Write 






jLJL. 4}^ JbTjL ■■}), JLJk 



^p 



xy^ji -^-^fi J-). 



y 



m 



^n O 



P 



so that for non-congruous values A is zero. 

Now whatever be the value of T it can be put into the form 

<t{w, y, z) 

where ^ and ^ ar<3 rational integral algebraical functions of x^ y and z ; and this can be 

expressed as 

U ■ ■ 

where U is an integTal function of x, y and % and/(cc) is a function of x only. For it is 

\K—')m% 

_^ (x~2 

fi — nm 

where y^, z^^ arc a pair of values of y and z which satisfy the e(^uations 



F =0 F 



ff 



0, 
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Now the denominator will consist of symmetric functions of the y^s and z's, the 
coefficients in its different terms involving x. These can be expressed in terms of x 
alone/"" while the new term in the niimerator can be expressed in terms of symmetric 
functions of the y's and z's and of y^ and z-^, and thus T is reduced to the form 

U 
and therefore 

Let x=^a be any root of f{x):=0 ; then, as before, we consider 

X — a. 



Lnat} is^ 



^1 V-^ OJ-. .n 



the summation being for the mn'p values of x ; and a definite value of y and one of % 
are to be substituted in terms of x before the summation is effected. 

Having these definite values of y and z (obtained from F;^=0, F^=0) if in them we 
substitute in turn the mnp values of x^ we shall have mnp congruous values and 
therefore all the congruous values. For these, as we easily see, 

1 A 



\ m, %f, % j dz dm dy 
and therefore 

d.-z dx dy 

the summation on each side beiJQg the same. But for all values not included in this 
summation we have A=0, and therefore the restrictions on the right-hand side may be 
removed without altering its value, and we shall consider the summation to extend 
over all the roots of ¥^='0^ F^=0 considered as equations in y and z and over all the 
rootfe x. 

Let a denote the minor of A, y8 that of B^ y that of C (in each ease with the same 
suffix) in A. Then we have 

ot,,X+/8;,Y+y,,Z^AF,e 

^^,X-4-^^Y-f-y/?Z^AF^. 

'^ Of. SAtMON'B ' Iliglier Algebra/ § 74, 



336 



PHOFESSOR A. R. FORSYTH ON 



Differentiating the first two of these with respect to y and z separately and then 
inserting the values of x, y and z as they now occur on the right-hand side of (iii) 
we have 



and therefore 






m 



dZ 



dij 
dZ 



7" 



d', 



— A 



0>, 



by 

bz 

b¥u 

hz 



A 



^^\^ my ^ n) 

W .„ „ 

b{y, z) 



""""■^ \l^7ii)fn Htiym) 



, clY clZ 
^ dy dz 



dY d7. 

dy dz 



by a known theorem in determinants ; thus (iii) becomes 



TJ 



x — a 



11 A 1 

S-^SF ^^ — -^ 

^x-ci ^ dX ^(F^, F, ) 
dx b{y, z) 



Now expanding in partial fractions we have 



K 



K 



{x-x^ 



dx. 

dx. 



and therefore the right-hand side becomes 



X 



™ U SF. A. 



9 



x—a b(F^„ F^) |X 
b{y, z) 



considered as expanded for the factors of X alone or^ including in the e,xpa.nsion the 

1 . * 
term arising from t^^—^? it is equal to 



X-^a 



c 



u ■ m A 



p 



^p 



b{y, zj 



USF, A, 



^(F., F,) X 



b{y, z 



^■'■" x=s(i, 



wherein the S implies summation for all vahies of y and z in terms of x derived 
from the equations F;,,^0 and F,;,=^0. Since these values are to be substituted we 
have 
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^ — J\ffi^ m'l -^u *- Jt I -^^p ^ , 



p^j) 



=A F 



and therefore substituting this in the above which will replace the right-hand side of 
(iii) and inserting the value of chv the equation becomes 



t 



U 



dx 






,,11^ 



u 



Sh\ 



J 



F F \ K 



p 



G,t 



I ^ 



a; 



vt;=a. 



u 



1 



X—Oi y/l^'wj -t\ 



^ 



?/ 



, '^ 



^e 



^ — a 



.t 



J I 



'F F ' 



SF 



i^ 



F 



p 



hy the use of Boole's symbol © as before. The summation on the left-hand side is of 
course over the mn2^ roots x ; on the right-hand side it is over the mn roots y and z in 
terms of x of the equations F^,= and F,,= 0. W@ may obviously integrate as before ; 
and using the distributive property of S we obtaiu as our result 



f^=nmprx,^ U dx 



^C=e 



n 






J(?^). 



y / -*- fit} -4- » \ i 



M=l 



(iv). 



l/> 



z 



J 



8. The general theorem will proceed on lines not widely diflPerent from the above, 
and may be enunciated as follows. Let 



f * • • • • 



be r—1 equations, of degrees m^, m,,^ . . . , nh-^i respectively, giving x^, . . . > x^ in 
terms of x^ ; and let 

X rsp^^f *^%j ... J Xf) 

be a function of these dependent variables, the coefficients of which are functions of Xi 
containing any number of arbitrary constants. Form the eliminant E of all the F's 
so that we shall obtain the set of roots x^ by equating E to zero ; and denote by U any 
algebraical rational integral function of x^^ ar^, . » . x-,.. Then 



U 



dx 






e 



1 



./(«i)_ 






r 



U log F; 



•^ 



L 



/F F F 

T/ 1^ 2^ • • • ^ 'Jri \ I 

Xq^, X,-^, . . . ,- ,/.'). I J 



" •*]"• xV 
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the summation on the left-hand side being taken over all the roots of the equation 
E=0, which are assumed as the upper limits of the integrals, while on the right-hand 
side the summation is over all the roots of F^^O, F2=0, . , . , F^_„i=:0 considered as 
r— 1 simultaneous equations giving ir^, x.^, . . . , Xr in terms of x^, 

9. Returning now to (iv) the conditions that the right-hand side should reduce to 
a constant are : — 

1^ : That f{x)~l, or be a factor of U ; 

and2«: CiS~W^=0 



X 



which will be satisfied by 



J 



. IT 

C, 7 = 0. 



Now J is of the order m+?i— -2 in x, and therefore the order of U may not be 
greater than m^n — 4. In this case the number of terms in it will be 



vb + ^i- — 1 .m 4- ^^ — 2.r/i -h n — 3 



1.2.3 



0^^^ 



But if the integrals \-jdx be formed they are not all independent for 

T F 



V F 

cto=0 



J 

where Y,;^ and V,, are arbitrary functions of the orders m-— 4 and n—i respectively, 

and contain 

m — l.m — 2.m — 3 . n — 1m — 2.71—3 

terms. Hence the number of independent integrals in the case when the right-hand 
side reduces to a constant or to zero is 



frh + n — l.m + n — 2.m + n — S m — l.m— 2.m — 3 ?i— l.^i-— 2.%— 3 



1.2.3 1.2 3 1.2. 



-1 






^Qnn{m-}' u -^ 4 ) + 1 



This assumes that the surfaces F;^^ and F^^ are the most general of the degrees 
m and n respectively and so possess no special singularities. 

10. Abel^s theorem in the more simple case applies to the intersection of plane 
curves. There is a fixed curve given by 
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and integrals connected with this curve are taken, the upper limits assigned being the 
abscissae of its points of intersection with another curve, the equation to which 

contains a number of variable parameters and therefore represents a variable curve. 

But the more general form of the theorem extends the application to curves in 
space. We take the curve which is the intersection of two surfaces 

F,(^, y,z) — () 

(and which will, as a rule, be a tortuous curve), and forming the corresponding 
integrals we assign as the upper limits of these the ordinates x of the points of inter- 
section of this tortuous curve with a surface the equation to w^hich 

^^{x, y, z) — o 

containing a number of variable parameters represents a variable surface. 

The discussion of this geometrical interpretation and of the deductions to which it 
leads has been carried out in a memoir by Clebsch ('Crelle/t. Ixiii., p. 189, 1863), 
wherein he proceeds from the theorems which are the forms of (iv) and (v) when the 
right-hand sides are zero. Example I. which follows was suggested by an analogous 
geometrical illustration which Professor Cayley gave in one of his lectures at 
Cambridge in the Michaelmas Term, 1881, wherein he pointed out how to obtain 
sji{ii-\'V-\-w) from the analytical expression for the co-planarity of the four ppints of 
intersection of an arbitrary plane (corresponding to F^=0) with a fixed tortuous curve 
in space which was the intersection of a circular cylinder and an elliptic cylinder 
respectively corresponding to F«,= and F;^=0. 

We now proceed to consider two examples of (iv). 

11. Examine /. 

Let F,, = ?/^~(l~x2)=:0 

F,^#^(1^Fj^2)zz:{) 

F^^A.r-fB//+G^— 1. 
The eliminant X is obvloiislv 

X=::n{A^^l±B(l~-;:c^/dbC(l-^^^^)^} 

11 denoting the product of the four expressions which the above includes owing to the 
two double signs. It is evidently of the fourth degree in x\ let the roots be x^, x^, 
x^^ x'^. As there are three arbitrary constants there will be one relation between 
these four roots, and this can be exhibited in the form 

9 ^ v> 
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«Xy;> t/n /^o J 

'% ^4 ^-i- ^ 



= 0. 



If we choose A = atid one of tlie two, B and C^ to be nnity and tlie other zero, 
X=0 reduces to 

and we may therefore take zero as the lower Hmits of all o\ir integrals. 
Let 

then -^gi are th^ roots of F^?, ^b^j those of F,,. We have 

J = iy{i^ = 4 ( I «- 0?^. 1 •— /(%^) * 
and therefore by o it r formula (iv) 



M = 4r;^r^ 






p- 



=iioMVa'-^)Q--^<^ 



(H) 



^A^\ 



V 



T 



S ^ - log [l^Aod—Bif—Cz) 



yz 



m which the S on the right-hand side implies summation for the expressions obtained 
by the substitutions 



y^ 



V' 



y 



?/, and z^' 



in 



Vi 



V 



\.> 



i? 



.71 y^ '^ 



y=—ih .3 ^ 



;; 






(i.) Jjet f{x) ^\^ tJ^l ; then the right-hand side vaniBhes and we have 



u ^ 4" ^h + w 3 4" '? '4 ^ ^^ 



wnere 



a'«-^sntL 



Thus the preceding determinantal relation will give sn{fi^+t%+'^%)3 which is 
in terms of the elliptic functions of ?/qj ii^., % 

(li.) Let/(.'r)~l^ 1[T-=^^=1— /i;%^l then we have 

E(Bi)+E(/i2}+E(%)+E(^/.i.) 



'7' 



;^ 



Ci S^ -log (1— ^Ai3c— B^— C^s) 



c 



1 



' 1 



u 



?/i 






1— Aa3— tej— B;?/, 



+ ^^ loo: 






J 
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Expanding the logarithms on the right-hand side the n^^v term gives 



271-1 



Ci 



sc 



Z 



}32»-l^, 2«-3 



z, 



|^2«-1^, 2m-2 



__^ (1 -Ax-Cz^f^'^ ^ (1 -Aw + (X)2«--i 



-'??, -— 1 



c, 



X 



Vi 



. _, 2,(1 - A,r + foi)^""' -^i(l - A.«-C0,)2"-i' 



2?( 



{(i-Axy^-cv)-"""^ 



tP. "''-^C 
2w — 1 



Ci 



(l_jc2)«-l(l_/,3;^.2) 



(2w, - 1)(1 -- Aic)~"-2 + ^"^ ^ '^'' ,^-^'' ^'(1 - Axf"-*<J^{l-¥a^ +.... 

1.2.3 



9 A 1 

/AS I 7.2n3\2a~U,4«-3J 1 _ ±_--_____ ._ , 



%n~l 



(2^--l)(A2 + Fa2)2'-iH 









(2';2— l)A2^^-^--(2fi-l)(2n-2)A 



2;?~3 



,^^.^ /2ti — 1..2?i— 2.2^i--o Ao - 1 






\ 1 . -Ii; O 

2n-1 2?i-4 

1 9 '-l 

1 .^.o 



X 



(-i)«4FB2^-ia 



(2n-l)(A2 4-i^^2C2)2^^-^ 



(2n-l)^ (2^-.2)A2^^=^3_^2C2 2^L^_A2^^_a^^^ ^ ^ ^ 



9 9^_1 A f 

^A3 + FC2 I v-^'' '/^ 



1 9 *^ 



-2_^2Q2 _ „.^^^^_ ^^_____^^^„ — -A^^^-^^+ . . . 






1.2.3 



(-l)''4FB^"-iC (A4-tA.-C)^"-(A-^: Z:'Cy '' 






after a slight reduction and writing ^=>^/—l 



(~-iy'2Z:H2^^-i 



I 



1 



1 



_(A-i^C)3» (A + i^0)2^^ 



Hence the whole coefficient as derived from all the terms in the expansion is 



2k 



I 



P> 



,'7..m2 i~ 



B^ 



{A-ikCf ' (A-iWy 



2k 

t 

% 



B 



B _^ B-' 

"^(A+tA*y3 (A+¥C)*"'" • ■ ■ 



P, 



B^ + (A - %h(S)^ Y>^ + C A + %ISyf_ 
8/:2AT5C 



(A2 + B3~/;,-«C2)2+4/l'2A2C^-" 



and this is the vahie of 



E(«,)+E(i/.2)+E(»8)-E(«.i4-^'o+t^0. 
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Writing .9, c, d respectively for snt^, qthi^ dnu, the values of A, B and C are 
by the equations 



nven 



or writing 



we h 



ave 



and then 



A,93 + Bcp^ 4" Cc/o = 1 
Cjilo — Codo-A- . . . =:^(r 

lit ij O <V • 



K 



h ^1 

Set O.y 



do 



:=A 






G 



a 



d 



AA = a' 



AB: 



K 



ac=s 



E{tcj) + E(tto) + E{uq) — E(^r 1^ + 'i^^ + u^) 



Sh^oTfcSA 



(0-2 4.^3_/.2g3^3^4^.2^2g2 



As a verification of our formula assume 



it ^:=z 11^^=111 



■'3 



so that 



Then since the equation 



tXy 1 <A/c) ~— «A/o « 



A5+Bc4-C<i= 1 



has three equal roots^ the values of A, B and C for our case will obviously be given by 

A5j^+ Bc^ -{-CJi = 1 



J: 



k - 



B*j.._a4=o 



e 



I 



<k 






for if we write ^9^ + ^ for 5^ in the first, the coefficient of ^ must vanish, wdiich condition 
gives the second equation ; and similarly for the third. These last two equations 

give 

A B C 
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and svibstituting in the first we find 



1 
From these we have at once 



^7./., 



-^-'(A^+B^— FC2)=W'¥-d:8+Fc« (dropping subscripts) 

77AC=A/^ 
Hence 

li/ 

= 1 - eP^H 4 (F+ ^^)56 - 3/t V 

and we therefore have to verify that 



Now the ordinary addition formula for E is 



so that 



and hence 



But 



'E{it)-{-'E{2ti)—'E{Sti)=k%nusn2usn3u 
2E(?i) — E(2i^) =Psn^?^sn2t^ 

3E(t^)— E(3w)=Fsn^^sn2^^(sn^l4"Sn3i^). 



Su3t^:— 



or writing D for the denominator 

D{smt+8nSu) = is{l-{l+k^)s'-+{k^+k^)s^'-k^s^} 

z=zU[l-khyH\ 
Moreover 

sn2i^=— -777 
80 that 

3E(t/.)~-E(3iO=^^^ 
verifying the formula as required. 
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(iii.) In a similar way if we write 



n(x, u,^)^ 



dx 



. (1 -X''x^)^/{l -a^){l-¥x') 



(so that \J^=^l,f{x)=.\—\^x^) we shall obtain 



\ 



n(^, t^^)+n(x, ?^,)+n(x, i%)+ri(X, u^i) 






log 



{(A+X)^ + (Byi-X^^ + Gv//^2--\2)^}{(A-xy- + (Bv/l-X2-Cv^^''^-X^)^ 



the values of A, B, C being those which occur in the general case in (ii.). 

Let \=:^sna m as to introduce the third elliptic integral in the form used by 
Jaoobi ; then 



JI^X, u)^^U'\- 



vSiirt 



cnadn6t 



Hi^ii, a) 



X 



^^^+y(i^3)(prp)n(^^' «■) 



and the form of the theorem is now obviously ag follows : 



U<^g 



Tidily, a) + n(t/.2, a)+n(t^3, a) + n(t^4^, a) 

"{ (A + ksy + {B cV 4- Ohcy} { (A-^fe Q^ + (Bt^^ - CA;^;)-^ }' 



where 6*', g\ d' stand respecti¥,ely for sna, cna, dna. 

12. Example II, 

Take F;;, and F,, as in example J., but now let 

F^~Afy+(jBx+C)^+(Hx'+D>-~G^^'-~F^ 

in effect the most general qiiadric relation. The eliminant X will be of the degree 8, 
and as there are s,even arbitrary constants there will be only a single relation between 
the ropts 9Cy x^s, , , ., w^, which can be expressed in the form 



c,d^ 










"'1 


1 


(h<'h. 


* • 




■'8 


^8 


(/3 


'% 


1 



0. 
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Moreover, if we choose 



B=H=F=:G=0 
A=C=D=1 



the equation X=0 is of the form 



x^=0 



and we can therefore take zero for the lower limit in all onr integrals, 
shall have 

where 

X = BIiU 



Hence w 



and the above relation will give sn(tfi+ ...+%) in. terms of the elliptic functions of 
Let us now find 



write 






then the right-hand side of the equation is 



-Ci 



X 






logf 



lo^—'Zw-^ + yiKz + w^ J y ^ \w^-\- zio^^-yiKz—vj^ J J* 



On expansion, the r^^ term gives 



9 

2^—1 ^ 






2 



2^-1 



Ci 



X 



zy 



3»~3 



(w^ —z^w^y 



7^[{k.%+ %)^''~H% + ^^^i)^''""^ — (% — ■^^) ^""""^ (% — ^w^^''--'^ } 



So far as the result is concerned^ the expression within the inner bracket is 



= 22;{(2n— 1)(%'W'3— Fir%i)^''"^(Att;3+^^W2)+ • • • }• 



Now 



WM^ — ^%%{;;^ = X^ 



'2^3 



BG-FH+i(CG+BF-FD) 



=^^(^1+-^ say; 
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Aio^-\-w-^w^=x 



s 



AG+BH+-(AF+BD+CH) 



1 



x»U+> say; 



w^^—zhv^^=x'^{G^+ PH2) -{1+2 



FG + FDH 11 



=x%l^l+~j)^j say. 



Thus the n^^ term gives 



'^M{'-'^4^'-<'''-'+^''--''^)h'^'' 



"^ — 12:3 — ^1 + ^^^1 ^ ^2 X^i +*-''^ ^^ ) + 






-4(— IW r, ,xx o„ <, j„2n—1.2n-2.2n-'6^ <, a » , 

4(-l)«F 



X.Zj.O 



Pi 



2?*-l 



2n-2.2n-3, 






+ (2n-~2)X,^-%;.,-~F'^"^''^^^^^^ . . 






Pi 



"o^((^l+^*^/^l)''^"'~(^l~^«'^^~'}+?{(^^ 



2& 



+^{(^i+^'^/^i)^^-^-(Xi-^^/^i)^^"^^} 



2^^ 



{ denoting \/ — 1. Hence summing up for all the terms and reducing we have the 
whole coefficient equal to 



__ 4F{ (pi^-Jc^fii^)(/M^p^ - Pip2%) + \%fi^pi + pi p^fi^i) - 2X{k^fijp^ } 

Now 

p^=G^+km^ ;ai=AG+BH 

/DiP2=2(FG+FDH), /^2=AF+BD+CH 

X^=BG-FH, X2=CG+BF-FD 

and the values of A, B, C, D, H, F, G are determined by the seven equations 

Ac^d^ + Bs^c^ + Hsi^d^ — Gs/ +Cc^-\-I)d^— ¥s^ = 1 



{fi=l, 2, . . ., 7) ; and therefore the above is the value of 
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expressed in terms of the functions of the it's. 

The evaluation of the corresponding expression for the sum of the third elliptic 
integrals presents no difficulty. 



Section II. 

Ahelian functions, after Weierstrass. 

13. The theory of these functions is detailed in a paper by Weierstrass in 
Crelle's Journal, t. lii., but such formulae as may be necessary in what follows will 
be proved. Let 

f # • • • 

z^—Q{x)=z^—{x—a^+^){x—a,,+2) . . . («— a2p+^) = 
and 

e-==Uy+'Hz (2) 



0) 



where M is of the degree p in x, N of yo— 1 ; say 






(3). 



Then the equation for the roots x being 



is of the degree 3p and involves 2p arbitrary constants ; thus there must be p rela- 
tions among the roots. Let these roots be denoted by x^, x^, . - -, x/, f^, fg' • • •? ^p> 
Pii P^y * ' ^} Ppl so that we may consider the p p's as given in terms of the x's and ^'s 
by the p relations which might be exhibited in a determinantal form. "Write 

'R{x)='P{x)Q{x) 
and let 

n.=fiT7:rW^. (4) 



A-lJa^(^^ — ^/x)\/R(^) 



in which jjl has in succession the values 1, 2, ...,/) as also in 



2 Y 2 
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and in 



_^^=ppA 'P(x)dx . 



k 



Now the constants in M and N can be so chosen that the roots of the equation 

My-NV=0 

shall be a^, ag, . . . , ttp each occnrring thrice ; for the conditions are that any one, 
say a^, shall satisfy the three equations 

"^ dx "^ ax ax ax 

where T^ U are functions of x. In order that a^ may satisfy the first of these 

N=() 
when aj=% ; that it may satisfy the second the additional condition is that 

M=0 

and therefore M will contain re— a-;, as a factor. Moreoverj if contains cc— a^, as a 
factor and therefore in M^^^ we shall have x—a^ raised to the third power; and 
therefore if we expand N in ascending powers of x—a^^ the first term is of the order 

Hence [~rj has A{x — a^) as its first term and so vanishes when x=^a^. But this 

is the additional condition that x=a^ should satisfy the third equation, and being 
satisfied it proves that a^ may occur as a triple root provided 

M=0 N=0 

when x=a^. That is to say, two conditions are necessary for each root, or 2p in all ; 
but as there are 2p disposable constants these can all be satisfied and so the truth of 
the proposition is established. But as N is only of the degree p — 1 in a?, while it has 
to vanish for p values, it must be identically zero ; and we choose M=2/^ ^<^ 'tli^'t the 
equation is My=:0 which is obvious beforehand. 

14. Applying now the general theorem from | 6 we have 



A=p 

A=:l H 



A 'P(x)dx fk T{x)dx pA 'P(x)da; 1 

(x — %) s/li{w) J (a^ — a^) s/R{x) J (.v — %) y^\i(x) J "~ 



since 
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M? """" tv w 



is an integral function of x, and when -~^ \ /w~\ ^® expanded in des- 

cending powers of ir the highest index of x is — f. We have shown that %, %,...,% 
may be regarded as triple roots of the equation for the roots, and thus we may take as 
the constant 



^=p r*A V(x)dx 



3S 



{x-a^)x/^Qo) 



Hence 



^^p J P^ V{x)dx [k V{x)dx pA V{x)dx 

=11 la. {x—a^s/'R{x) ]a. {x—a^^/Mx) ia. {x-'a^\/^{x) ~ 



A_l l'^(i^\ f-/ V " V / ■ -X 



or 



^^+'?^^+'^^=0 .......... (7). 



Now, by Weiersteass's theory, given values of u^, %,..., t^p imply unique values 
of Xi, x^, , , . ^ Xp which are, in fact, the roots of an equation of the p*^ degree whose 
coefficients are single-valued functions of Ui, u^, . , . , Up. Every symmetrical function 
of Xi, . . , , Xp can therefore be expressed as a function u^, %, . . . , Up, but in 

particular 

{at—x^){cit—Xc^) . . . (a^—Xp) 

(t being any of the integers 1, 2, ... , 2p+l) is the perfect square of such a function. 

Write 

({)(x) =(x — Xj){x—x^) . . . (x — Xp) . (S) 

— QK) =lr {r=l, 2, ...,/)) 1 
P(ap+,)=^p+,(s =1, 2, . . . , p+1) \ 
then Wetersthass defines 

for all values of r included in 1, 2, ... ^ 2p4-l' It is easy to verify that Xj, x^, . . . , Xp 
are the roots of 






(ar—ai)'P\ai) ^ 



1 fll'i 

X. • • » . • • • . IJ..4./ 



for there are obviously p roots, and in order that x^ may be one of these we must 
have 

By a known theorem of Abel's we have 

dz 
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according as s< or =p 
'^(^x) = 0; and therefore 



1, the summation being extended over the p roots of 



r=i P (a,) 

r=p ff s 

t "^,=0if5<p-l>0. 

r=l i^ KP'r) 



Thus the left-hand side of (A) 



r=l LI \^r) 
1 



^2+ • • • +^p)p//^>v+ • • • 



all the terms disappearing except the first and so verifying (A) and proving that 
x^, x^, . * . , Xp are the roots of (11). 

15. Taking now our set of integrals u we have 



= 



k=p 



P(^a) 



hcV> 






\=p 
1 = 1 1 



P(%) 






A=p 

= iS 



P(%) 



bX) 



2 



=1 (%— ^p)\/E(%) ^^V 



(12). 



Multiply these respectively by J, ^ , w~^' * • • ^^^ ^^^' then, in virtue of 
equation (11), 



so that if we write 



we have 



V^^/i.'' 1 'S^^ ^"^^ '^ 



P'K) 



= -iS 



2 



A=i a/I^(^a) ^^V 



A=p 



U=i2 



'^A P(^)f^^ 



A=Wa^ \/E(^) 



(13) 






bU 



6m, 



(* 



(14). 



U is obviously a symmetric function of the cc's/ a,nd is therefore a function of the us. 
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16. Again solving the equations (12) regarded as giving 
X, we have^^'^ 



Therefore 



and 



6% 



for different values of 



1 ^^A__ \/R(%) <^fa) 1 

^ bio..'" ^X%) !"'(%) %— % 



"/^ 



^/E{x^) l^al^^ 



^X^a) (%-f^^)l''(«^) 



It 



2 



fi=l 



4>\^k) bx^ 



_V^R(a:Jx) ^^^^. 



fx=p 



I'/l^l'lli 



1 by (11) 






/x=p ^ r A=p 

ffz7 log <^K) 

1 t^^Pbcds 
t 



alsy^^ihu^ 



(15). 



fA 



• (16') 



where 5 may be any of the integers 1, 2, . . . , 2p + l- 
Writing 



so that (16^) becomes 



Weieustrass defines 



fj.=i bUfj, 



— — (X6o • 



• • • 



• • • • • • llil 



A=ll ^'(^a) % — %. 






« * • • 



• • • 



(16) 



a 



Vr s ' 

Cvj* """" Cv^ 



'r,5' 



(JLvfCl/vg 



(A/f "■"* Cv^ 



tt'fc' o Cvt'* 



(a/I/O vLl'-i' 



A = ll ^X^a) (^A ~ «.)(% — ^.) 



t « t « . , ( i O ) 



where r, 5 must be different from each, other, but otherwise may be any of the integers 



* Of. Scott's ' Determinants/ c. ix., §§ 11, 12. 
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1, 2, . . . , 2/)+l- Evidently alr;s=-ols,r, and there are therefore p{2p-\-l) functions 
alr^s'y these, together with the 2p+l functions als, are the functions of the theory. 
(They are, of course, not all independent ; the complete system of relations among 
them may be found in the fifth section of the first chapter of the memoir already 
quoted.) 



Further 



1_ halr__ _/j 1 hx^ 

CLly OVjg A = l ^T — ^K O'Ug 



and 



^Py^R(^ kals' 1 

vgwvg LvLy g 






in which 



s may have any value 1, 2, . , . , p 

T ,, ,, 1, 2, ... , 2p-|-l, 



but r, s may not be equal. If r^p, this serves as a verification of (14). 
Again, since x^^ Xg, . . . , x^ are the roots of (11), 



." vgClLg yX X-^J\Xi '^g/ • • • \p^ '^p) ^\f^) 

s=i(oG — as)'F\as) (x— aj)(x — ^3) . . . (x — a^) P(^) 



In this write x^^a^^r, (^=1, 2, . . . , p+l); then 



„.73 4*\^P+r) 

^^ p+r — 7 

s=p I af^ 

which expresses p + l functions al^^r each in terms of the p functions al^^ al^^ . • • ? <^^^p- 
By (20) and (14) we have 

^=p 1 ill 
al\^r=l+t^—^ (21). 

[17. A simpler form can be given to this equation by the introduction of a series of 
p+1 ^^w variables provisionally given by 
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u. 



r-p + l n, 



■^ 



% 



r=p+l n, 



r=l ^^2 /^p+>' 



> 



• • • « • 

7'=p + l ,1/ 

r—l Cip ^p-\-r 



J 



These new Vu% are not fully determined : as the remaining equation necessary to 
determine them assume 

When substitution is made in U for ii^, . . . , t^^, U will be a function of u^.^^, . . . , t^gp+i ; 
and we shall have 



r=l ^^^p-\-v 



ihus 



^B=p r=p+l 1 <bU ^ 



and from the (p + 1)*^^ equation glying the new u^& 



r=p + l ^J^ 



Then by the principle of indeterminate multipliers 



6U ^=0 1 bJJ ^ bf 



0'?^^p+f g=l CCg ^p^r vWg OtOr.jL.r 



'P+r 



for all the p+1 values of r. Multiply these p+1 equations by iip+i, t^p+g., . . . respec- 
tively and add ; then 

^^=^+1 i)U ^=p 6U ''=^+1 ^/ 



r=l 



o26p,,. s=i 6^^5 



:i '^■^^" H.. 



Let the part of U which is of the order m in the 'w/s {s^p) be denoted by 11^; then 
when expressed in terms of the t^p+/s it still remains the term of order m, so that 



?'=i o^6p+*• s~i ^% 



and summing up for the terms of all orders 



r = p + 1 
2Li (A/ 



hV ^-p hV 



r=l 



P-^'b 



to 



t It, 



MD(X"CLXXXIIL 



p+r 

2 Z 



5=1 



bie, 
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and therefore from the above 






equivalent to one of the two equations 



X=0 



or 






The latter, taken v^ith the equation 

implies that there is a homogeneous relation between the quantities Up+r \ this we 
may reject. The former leaves f arbitrary or non-existent, and so there would be 
only p equations to determine p+1 quantities, a difficulty, however, ob viable at any 
time by assigning some new equation to make up the requisite number; but X=0 
simplifies the resulting equations in which it occurs, and therefore this is selected. 
Let us assume as our new equation 



^__3±I 



I & — S+l & — ^p+3 



'^^P+S I I %p+l 



h—a 



2P+1 



where 'y is a quantity which may have a definite value assigned to it at any time, if 
desired. Thus we have 



6U ^=p 1 

t 



fcU 



OXbpj^Y s=l ^s ^^p+r ^'^^s 



and therefore 



aP 



P+r 



1-1 



6U 



bu. 



* e 



'P+r 



* . » . • . • • IJL ^c r 



similar in form to (14). 

18. Let us obtain the new it's explicitly from the above equations. Writing 



we 



have 



•55- 



g{z)={z-b)T{z) 



It 



P+r- 



_ g(ap+r) 



y (<^'p+r) 



/(%) ^1-^p+r 



I 1 QK) 

I • • • "T" . / 



Ur 



, Q(6) 



V 

h 



(/{cbp) ap — ccp^r g\h) h'-ap^r_ 



Now make b infinite, so that the assumed equation takes the form 



and 



'^^p + i + ^P + 2+ ^ • • +%p4.1==^ 



* Cf. Scott's ' Detei'minante,* i>e. 
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so that 






g{CCp+ r) 

h—a 



p+rj 



■p+r 



^\(^p+r) 



6/(5) 



.9=p r 



IL 



^KP'P+t) W^ifls) ^{P'p+r) 



= 1 L^<J"~~^p+>* M s^pw ^ sf^s) } M (^p+r) 



?;. 



As a verification of these values we may deduce (14) from (14') as follows :- 









f's^p+r 



Sin. r=p + l 7 XTJ 



'=1 s=i ©"Mp^j. x (^^jy \^p-\-r) Ctg ^p+r r=l M sP'p+r) ^'^p+f 



Now the quantities 8te^, Sv are independent ; hence we must have 



y\j r=p+i 7 7 
6%— ^' 



fcU 



S f 



-I X (Cbs)^ (^p+iV ^s ^p+r ^'^V+^* 



r=p + l 7 ivTJ 

r=l M (^^'p-j-r/ ^'^^p+r 



Taking the second of these, we have 






^((^P+^) 



— — l-j~ 



I 



p+r 



and therefore 



bJJ 






r=p+l 7 r=p + l J* //y \ 

r=l y C^p+?v r=:l y \p^p+r) 



— 1 + 1 = 



by the theorem already quoted in the verification of equation (11). For the 
summation we have 



'/=p + l 7 



^p+r 



bJj 



-zzi X {dg) y {dp^r) ^5 ^p+r ^'^^p+r 



P'K) 



r=p+l 7 



1 r=p+l 

+ S 






5** 



2 z 2 
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The first term inside the bracket is the expansion in partial fractions of 
and is therefore zero since s'Sp ; the second is 






■s a 



P+r 






a// by definition 



so that the equation with which we began leads to 



that isj to equation (14).' 
19. Now let 



hit. 



p'(«0 



Ct'Cji 



V: 






\=i-i 



W-#?r-^cfo 



A-l^«^V^K(^) 



^ 



. . (13') 



so that V stands to the v^s and W to the w's in exactly the same relation as U to 
the u^B, 

Applying now the theorem in § 6 we have 



u+v+w=™~»c 



^ V(x) , /Mtj + W 



X v-R 



m^'^K 



z 



X 



m 



yiy ' ^\M;?/ 



My—l^z^ 



I • • • 



The w*'' term in this series gives 



1 /n;y3«-y«\3»-3 

2^1-1 i\M/ \y, 

\ r ]sf 3»-i 1 ■ 

ir-rCii ~^+ liigber powers of - - 



SO that nothing is contribtited except by the first term, and we have 

U+V+W=-Ni (22), 

The 2p quantities N^ Ng, . . . , N^, M^, . . . , M^ are determined by the equation 



l^^x'-^z^^^x^-H-^ . . . +NpZ+MiX^-V+ • • • +M.^y=—x''y 
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which is satisfied by the 2p values of x, viz. : x^, x.^, . . . , ^p, £i, 1^^, . 
therefore 



• J fpj and 



Nx 






• • • 



y\ 






«^p -^p^ «^p ^pi ' ' ' J yp 



/:p~i/ d:p-3r ^ 

bp bpj bp bpj •••,'' '//: 






•^1 ^U ^^1 ^IJ 

rv* 9 lit 'y* P '^'^ 

•^3 i?35 "^a -^S' 



• • • ? !/l 

• • • ? ^3 



P~3. 



"^p yp) '^p ^p) • • ' } yp 



bp "^p^ bp bp? * ' * } Vf 



= 0. 



20. As an example of (22) and (23) consider the elliptic functions, i.e., the case in 
v^hich p=l ; then 



Ni 



(dropping suffixes), or 



z y 






xy -y 

^7} 7) 



= 



that is 



and 



Let 



then 



'N^{z^rj^—y^t,^) = {^'—x)yr)(zr)-\'yC) 



Ni{(.'^-%)(£-ai)"~(ai--a.3)(ai-~a3)} = ~2/7?(^7;+3/0 ; 



U -ci 



'X 



dx 



d. \/ t-v U/-J .W "~~" CtcfX ■""" Cii-f 



u= 



J p \/ m—a^dos 



2 



— _ , 



x=ai+{%'--ai)ff /^2-_ii__i . 



% ^1 



1 r 



dt 



U=^ 



\/a^ - aJo^/l—P.! - kH^^ 



TT 






^2^!? 



o^/l'-t^.l-JcH^ 



Let 5, c, c? denote elliptic functions of tiA/%— % 
S, C, D ,, ,5 ^'\/a3— a^ 

cr 55 sn{(t6+'2;)'\/a3— %} ^'.e.^ — •sntc^'x/ag-— a^. 



Then 



and therefore 



O — — V -— - 5 
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and so 



Ni 



(a^ — <^i) (% — c^i)(l — ^%^S^) 



6^0 ov-i 



a/%~% 



^Sor. 



With tlie ordinary notation for the second elliptic integral we have 

and since 
this gives 



V 



(Xg <X^ 






that is 

agreeing with the case when p= 1 of (22). 

21. The evaluation of N^ in terms of the functions can be obtained in the general 
case as follows. 

Since x^, OJg, . . . , x^, i^, 4? • • • ^ ip^ Pi> P2^ - - - > Pp ^^'^ the roots of 

we have 

'M.Y'—'Nh^={x-—x^){x'—x^) . . . (x—pp). 

In this write x=amf where mtX^p; then 

that is 

Im { N {a,n) Y= lm^alj{it)alj{v)alj{u + v) 
and therefore 

Hence 
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But a^, %, . . . ctp are the p roots of 

P(^)=0 



and therefore as before 






!.ifc)=i»°^.i.%3=»(^>'S'') 



and so 



m 

t 

m=l 



' hi 1 

^jf^-zaln,{ii)cdj(v)alnt{u+v) I = ±Ni 



and therefore 

'?H=p 






On the expansion of each side in terms of the t^'s and v's as is done below, it is at 
once seen that the lower sign is the correct one ; and therefore 

This may be called the addition theorem for the integral-function ; by putting 
/)=1 and referring to the example worked out in the last section, it is at once seen 
to be the addition theorem for elliptic integrals of the second order. 

22. In the expansion of the two sides in terms of u's and '^;'s the first term is 
sufficient to indicate the correct sign in the above ; but it is not uninteresting to see 
the agreement for terms of a higher order, and the expansion is carried on as far as 
the order seven in the magnitudes u. 

Proceeding therefore to form the expansion of U in terms of the iifs, write, with 
Weierstrass, 

^{ar-Xr)=s,? (24) 



so that 



and 



Or 



')' /^^ lA/Oy 



t/yf *— "" Ct'^> O:^ 



Let 



so that 



/ 1 
^^ ^z=z-~^ = (25) 

X [(X/,^) (X/jt ""^ Cv'ji-i, 

J 1 

hit ^r 



'^r, m ** — "*" -p// \^M^ r > 



then 
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Substituting we have 



/ Q 3 



•£ (^m) — p// s -T \a„i) + "^ p 



J A'!^r p>™)_ j__k»'_i^ i^'i*?) 



\^m/ 



P'(«») 



3! 






and therefore 






1 S 3 



7 <, 3 






so^^ 



i^ (_^wO 



* * e 



V 



/ o 3 p//f^ \ 






=zS 



m 



V 



3 



+ . . . 



1 + 



5, 



>» 



x (C^j^j 



\cl {CCmJ ... 



'^^\-*- -^^m^m ^m^m ) Saj^j , , . . 



• • • t 



correct to the fifth order. Moreover 



(26) 



dU=i 






— -^ p// \"jw wo-;;^\^x ixnioin, ■^-*mrm J 



or 



U= 



m==p ^^ 



»i 



m—1 -*- v^^w/ 



8 



'Mi 
O 

O 



XjL4- 



5 



«i 5 

04 



B 



'i® 



7 



m 7 



• •*<'•• 



(27) 



correct to the seventh order. Further 



2^du 



ni' 






KiAj-\) LvtAj-i 



^\^l) ^i ^m 



"y" * . ■ ""j 






i) d^m 



^{p^mj '^in ^^m 



4- 



and 



CvtA/.j' 



(A^j< •""" lA/fj^ 



""^ ^JCX)^ ^^0^-(,v04.»\ J. I cX/fi pi^Y" " \ cX)^ p^ 0<^ f 



which with the help of (26) gives 



r=p 



Ojw^ — ^^m\^ -^wyw, "^ ^m^M ) "™" 2^ a^^ fn^f (jjSf\\.'-\-^f wpt ""ra^. ^ Sf I { i """• xxj-^O;^. """".D^^^ j 



r=l 



where S' denotes that r may receive all values between 1 and p except m. Thus 



%i 



m — ^m 



A T^ ^'=p 

,_ « O _______ Q " ._ > o 



r=l 



r, ^ 






• • • • • \jU^) 



correct to the fifth order ; and as s^ is of the order ii this expansion will be sufficient 
for the expansion of U in (27) accurately to the seventh order. The equation (28) 
holds for m=l, 2, . . . , />. 
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Inverting it in order to obtain s in terms of u^b we find that to the fifth order 



^m~ — ^m 



3 



+ ••--111 3 [ ^ ^r_ 



"T" 



5A^,^ + 8B 



A r=p 






L~'^a^^,^(3a,.^,«+2A,.) 



j,~p 



S = p 



15 



t^/ + ^ S^ a>.^ ,;,t^^^ :S>- a^^ r^^ (29) 



r=jl 



^=1 



T=p 8—p 

where ]S«^ implies summation for all values of r from 1 to p except m, and %r for all 
values of 6* from 1 to p except n Substituting this in (27) we obtain 






m 



= 1 l^'(^Wi) 



3 *: 






3 ' 15 ^^''' ^^""^ Z-"i ^'''^ 3 "T"! 35 "+" 9 



m 



m 



2A,„. . L=^ 1^/ . 1^.,.^ rr*^ 



o 9«=|. "i) XO j*=i. 



„. 2 r=fi s=p n, r^p s=p 

+ "^m ^ 9 ^ Q 1 ^m ^ ^ 3 3 

"\r~ -^w* a^' f^u^'^ -2i/»' Qjg ^.W'g "jIt^ -^''^ -^''^a;' ^a^ j^t^^ tig 



• • 



(30) 



correct to the seventh order^ In tha last term inside the bracket r and 5 may take 
the same value ; the double summation is in fact 



>=p 

r=l 



3 



Again 



=5;^ ( i "■" a^^ ^S]^ j ^ L — a^, m^^ ) • • • ( L "~" ap^ ^^s^ j 



(the term involving sj not occurring in the brackets) 



s 



3 2: 



m 



1 



r—p 






''''''^'* 






r=l 



n <-p 



where S»* implies summation for all values 1, 2, . . . , p of r and t except m, and r 

Ion* V "** 

and t must not have the same values. Extracting the square root we find 



C't'^^tXv ) ' 



'm 



r-p 










« • 1 O X J« 



Let (Jm refer to alm{v)^ S«, to a4(^^+'^)? so "that to the first order 

jy[DCCCIjX.X.XllX. o A. 
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alm{v) = cr,, 

and regard cr,,^ and S^;^ as being of the same order as 6*,,^. Then accurately to the seventh 
order 



^m^m^m 



T—p r=p 



1 - 1 S« a,, ,,(«/+ o-,2 + S,.2) - i ^» a,, ,.2(s,H 0-..H S,*) 



r, i:=p r=:p ^=p 






(32) 



where the summation in the last term in (32) is exactly as in the last term in (30). 
To express this in terms of u and v we must substitute the value of s in terms of u's as 
given by (29) and for a and S respectively corresponding values of v and u-\-v. Let 

these values be inserted, both sides midtiplied by Vyjf-T and the summation taken for 

the values m=l to m=p and compare this expression, which is 

t ^^T7^a4(2^)a?^('i;)aZ^(t^+'i;) (B), 

with the value of U+Y+W. 

Firstly, they agree in the third order of quantities ; for 

— T — Um^m \^m i" ^ m) 

Since 

^f m "~r '^M "T* '^m -— ^ • 

Secondly, consider in each the terms of the order five. That in U-t~V+W which 
has iTTT^A^, for its coefficient is 



■m 



while in (B) it is 

and these are obviously equal. 

The term in U+Y+W which has 

•^ f^m ^r r ' i '^* J ^r 
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for coefficient is 

while in (B) it is 

Adding the latter up in columns, it is 

Ur\{u^+Vr>)'^-—iiJ'']'\-Vr\{iiM+v^^ for first 

--uJ{Ur'\'-V,)'^'-Ur^^--'Vj\j(llr'\'V,)^ for SCCOud 

— 32/^.t;;.t^^'y^(i^;,+'^v) foi^ third 

and therefore, to the order five, (B) and U+V+W are equal. 

Thirdly, consider in the order seven the term in U+V+W which has 

7 /O'R A 2> 

for coefficient ; it is 

while in B the term of order seven which is free from all the a^s and is multiplied by 

__ _ iq 

P'(««) 

/ 5 A ^ + 3B 



1 \(X>rn) -L<^ 



3 



I A 

l„t /2B^ 7A^^\ 



VXa^) V 5 ' 9 

and again these terms are equal. 

I have verified the exact agreement of the two expressions for one or two others 
(but not for all, owing to the labour involved) of the terms of the seventh order ; and 
this exact agreement leads us to infer the truth of the equation 

3 A 2 
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on—p J 



m 



= 1 P {f^ni) 



(33) 



a direct proof of which has already been obtained. 
23. Combining (22) and (33) we have 



Therefore 



But by (7) 



I J + V + W = ^ Ni = 'f p^«^^{«) al{v)allu + v) . 



m—p 

X 

m=l 






m=p 

■ t 






Bu,n+ ^Vr,^ + SW,^^ . , 



»»••?• 



• • (70 



SO that substituting for the Sw's and remembering that the Sii^s and Bv's are 
independent we have 



bu-^ hwni hu 



m 



h\ h\N 



hv,n. hWm 






> 



'3 tf » e « a 



^ 



By the first of these 



. . (34). 






OtV'^YlOvVp^ 



bWn,hw, 



m'^^n 



h%L,,hii 



m^'-'^n 



and therefore by (7') 



hw„,bv). 



__ m^ 



bm. 



Similarly 



^m^'^ n 



sy 



6^W 



hv^bVfi btv^ibWfi 

bm 



bWmbWfi 



bll,nbVn 






^m^^n 



!> 



« • « t 



. . , (35) 



from which We see that N^ satisfies the series of differentia] equations 



bm^ bm, 



bll^bVn bVmbUn 



of which there are ^p(p — 1) ill all. 
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24. Returning now to (34) and using (14) we have 



:^;^{alj{u+v)--alj^^^ :^;~7^ ^ ''^ 



hiL 



hit 



. (36) 



PY^{«^^/(^^+'2^)---<^L^('2^)}= S :;^~zal,{tl^ 



bv, 



bv. 



■ (37) 



and from these by subtraction and noticing that 



bals(u + "i^) hals{it 4- v) 
bit.^. bv„. 



we have 



l/r, 



'^J I 



p;™^{a4/(tO-<:^4^(^'')} =£ Jy;;f^'i^^'^^^ 



bals(v) 



bals(u) 



bii 



. (38). 



m 



Now if s be different from m 



Q CiLg\U j ^»t 7 { \ 1 / \ 



but this no longer holds w^hen s^m are the same since alj„^f„ is not a recognised function. 
We proceed as follows to obtain -^ — ' : — differentiate both sides of (20) with respect 



bit 



to u^ so that 



m 



Cd^+riu)- 



balp^rit^) 



m, 



m 






^M (ZtjjA'fl') OCCvffAU) 



a^p-^r -^ \p^s) ^^^m J ^m ^p-4-r ■*• \^m) Olv^^i 






g — p 

where 2'» implies that the value s=m is not to be included in the summation. The 



equation quoted abot^e (holding for all values of s from 1 to 2p-f-l) when substituted 
in the last gives* on division by :^f^-zalm{u) ^ 






s—p 

•m -^ 
5=1 



I'M 



{(^s---ap^rW{a,) 



j—:al{u)ah^^{tt) \ = — 



1 hal„i(u) 



(Jvfjf^ "*~" f^^nJUf *^ W' 



m 



and (38) may iiow be written in the form 



=^ I 



alj{u)-^alj{v)=z%m =^7^ a4('^+'y) {cel^(w)al^(t?)a4,»«('2^) ---ctl^(i^)oe?^(t^)a4,^(te)} 



8=1 



P'(a>) 






(0^^.'^CI^+r)«L(t^ + ^) {^L(^0^<^p4-r(^')^«^.«,p4'4^0 — ^4(^)^t^p4-4^0^^^%#+4^) } (39)' 
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This equation holds for the values 1, 2, , . . , p of m and these p equations determine 
the p functions aZ,^(w 4"'^) fo^ values 1, , . . , p of m in terms of functions of u and v. 
Moreover, r is any one of the numbers 1, 2, ... , p+l? so that these equations can 
have a large variety of forms. We may thus consider the functions alm{u'\'v){mSp) as 
known; the />+l functions a7p+,^(w+'^) ^i'© given in terms of them and therefore 
ultimately in terms of functions of u and v by the equation 



aPp^r{^l'\'V) = l'—t 



=p 



L 



s=l 



(a,'-ap+rW{as) 



€ds^{u+v) L 



Treating (36) in the same manner as (38) it will yield p equations involving the 
double-suffix functions of ti-^-v ; this system, together with the relations between 
them (to which reference has already been made), will furnish the complete solution 
of the addition theorem for these functions. 



Ahelian functions of order 2. 



25. Consider the particular case of the preceding for which p=2. We now have 



Write 






so 



Tl 



len 



XI \ *A/ I \pC "*■"* Ct-^ )\pO """■ (Xfj ; 

Q {x) ={x'- %) {x — a,i) {x — ag) 
'Bu{x)=iV{x)Q{x) 



> 



*x- 



tl^=^ 



Jb ■*"" Lvo 



^ ^ .^Wx)"^^^^^ 



'^2 X — CLc, 



J a, V^R(^) 



-s 



iX'X 



u, 



2 



'^1 x—a 



a^ s/]^{x) 



T" KAJiAJ ' i Q 



rx. 



2 



3 x—a^ 



r 



cu 



VX^) ^^ 



J 



(j)(x) = .{X'-Xj){X'—X^), 



Ju^ ""^ Cl'y — • OJf 

2 """" ('i'f "~— Oy* 



>(r=l, 2, 3, 4, 5) , . . 



^3? ^4' h^^^vh)^ -t vh}^ -t^(%) 



for 5=1, 2, 3, 4, 5; and 



vgCiVg « — (p\Ogj — -a^D.^ . 



''''-' (X^~-X^)s/Irl8 



va^a^bbb — ^ v b^b^aaa 



« » 



>• respectively . 



e «• 



• • • I X / « 



« ♦ ♦ » 



•' 



» * > * 



• (2). 



• (3) 



• (4) 
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the suffixes being added to the as and b's under the radical sign so as to have 1, 2, 3, 
4^ 5 for the complete system under any one root-sign. Then 



ClvfiLv'j' ^ — 



\Xy ^'3/ V h^sH 



b^-v/a^-a^a^bb — a^\/b^.b^.b^aa 



and therefore 



{cbr — a^altalr^s'\'{^s'^<^^t)<^^^^^^^ ..... (5). 



Again 



1 



a^ \/a^bbbb — b^. v/b^aaaa 



and therefore 



((Xp'-^CA/ffji/^iA/i/fCtOf g 1" \U'^''''^ Ct^jvpiXi/pCtVp g"-|~" iCi^ CtpjvgCiOf/Cl/vg g'— — U • • . . \'v 



in which p, q, r, s, t may be any of the numbers 1, 2, 3, 4, 5. 

26. Writing :^j;-^= 06^. (5=:1, 2), equation (39) of the last example gives 



; 



' I Gtf) 



(Ju-t """" CvQ 

do -~~ (a/q 



{aZi(7;)aZ^(t^)aZi,sH""^^^i(^0^^2(^)^^^i,20^)} 



i 



ctk^itt)— 'al^^v)^ a ^ali{u+v) {aZi(tt)aZ2(^)^^^i,2(^) ""^^i('^)<^^2(^0^^i,2('^0 1 



i 



4-<^t^2(^^+'^) 



{a^— a3){aZ3(t;)aZ3(te)aZ3,3(tt)— a^iOa4(t;)a^ 

13 — i 



two equations which determine ali((ii-\-v), al2{ii-j'v). 
Assuming these known we have 



al/{u'-{-i^ = l 






. ^1 % 



2 """ ^W 






The equation (36) applied to this case is when m==l 
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'-{ai--aQ)cdi{v){ali(u)al^{ti-i-v)alj^^{u-^ 



"3 

CLn """ Cv«j 



and when m=2 it is 






6vp "~~ Uo 



a^~ — '- al^{v){al^{io)ali{u+v)ali^2{ti+v)+al^{ii'{- v)ali{u)ali^^{u)] . 



%-% 



A particular case of (5) is 

{ct^ — a^)al^al^^ s + (^s - %)cd^cd^^ 3 + (% -- a^)cd^alj^ 3=0. 

These three equations will suffice to determine ali^^{u'\-v), cd2,^{U'{-v), cdQ^iiu-^-v); 
after which the other functions may be successively obtained from the equations 

{a^—a^%ayd^^^={a^-'a^)l^al^al^^^+ .... (6') 

(0^4 — %)<^^3^^3,4^^^\Ct4 ^'^2)^^3^^3, 4 » \% ^3)^^4^%,3 ..... \^0 ) 
(CAg %)0t64at3^5=(a3 %}c^%0f''3,4+(<^4 %)^4^%5 ..... (5 ) 

(ag— a5)a63ai2,5=(% %)<^^^5^%,3"4"(% — ^hj^h^^h,^ ..... (5 ) 

the figure at the end of each line denoting from which of the equations (5) and (6) the 
particular line has been derived. 

This case has been added and all the necessary equations have been written down 
as a justification of the statement made at the end of § 24. 



